We use renormalization-group methods in effective field theory to improve the theoretical prediction for the cross section for Higgs-boson production at hadron colliders. In addition to soft-gluon resummation at N 3 LL, we also resum enhanced contributions of the form (C A πα s ) n , which arise in the analytic continuation of the gluon form factor to time-like momentum transfer. This resummation is achieved by evaluating the matching corrections arising at the Higgs-boson mass scale at a time-like renormalization point µ 2 < 0, followed by renormalization-group evolution to µ 2 > 0. We match our resummed result to NNLO fixed-order perturbation theory and give numerical predictions for the total production cross section as a function of the Higgs-boson mass. Resummation effects are significant even at NNLO, where our improved predictions for the cross sections at the Tevatron and the LHC exceed the fixed-order predictions by about 13% and 8%, respectively, for m H = 120 GeV. We also discuss the application of our technique to other time-like processes such as Drell-Yan production, e + e − → hadrons, and hadronic decays of the Higgs boson.
Introduction
The search for the Higgs boson is of highest priority in the experimental programs at the Tevatron and the LHC. A large effort is thus made to obtain precise theoretical predictions for the corresponding production cross sections. At hadron colliders the dominant production channel is the gluon fusion process through a top-quark loop. The total cross section has been calculated in the heavy top-quark limit up to next-to-next-to-leading order (NNLO) in QCD [1] [2] [3] [4] [5] [6] , and fully differential predictions are available at the same order for the decays of the Higgs boson into two photons [7] and four leptons [8, 9] . The exact dependence of the total cross section on the top-quark and Higgs-boson masses is known at NLO [10, 11] .
The perturbative corrections to the total cross section turn out to be surprisingly large: for a light Higgs boson, the NNLO K-factor is around 2, and a scale uncertainty of ±(10-15)% remains even at this order. The theoretical prediction has been refined using soft-gluon resummation, which has been implemented at NNLL order [12] and recently even at the N 3 LL level [13] [14] [15] [16] [17] . The soft-gluon resummation reduces the scale dependence, but the large Kfactor remains almost unchanged. Indeed, it is not obvious why the cross section should be dominated by soft-gluon radiation: given the large center-of-mass energy of the LHC, there is plenty of phase space available for hard radiation.
In a recent paper [18] , we have shown that the large K-factor is mostly due to terms of the form (C A πα s ) n in the perturbative series, which arise in the analytic continuation of (double) logarithmic terms in the gluon form factor from space-like to time-like kinematics, ln Q 2 → ln q 2 − iπ. Being related to Sudakov logarithms, these "π 2 -enhanced" contributions can be resummed [19] [20] [21] [22] . Effective field-theory methods provide a particularly simple framework for performing this resummation by implementing matching calculations at time-like momentum transfer and extending renormalization-group (RG) evolution into the complex momentum plane [18] . At first sight it might appear unsystematic to resum π 2 -enhanced perturbative corrections, which cannot be separated from other numerical coefficients (including π 2 terms not associated with analytic continuation) in a parametric way. However, in our RG framework this resummation simply corresponds to the proper choice of a particular matching scale and as such is unambiguous and physically motivated. The final result for the RG-improved cross section follows straightforwardly by applying the usual rules of effective field theory at every matching step. Our approach to the resummation of π 2 -enhanced corrections is similar in spirit to the analysis of the e + e − → hadrons cross section using a running coupling evaluated at time-like momentum transfer discussed a long time ago in [23] , and to the "contour-improved perturbation theory" introduced in the analysis of hadronic τ decays in [24, 25] . It can be viewed as an extension of these methods to problems with Sudakov double logarithms.
In the present paper, we resum both threshold logarithms from soft-gluon emission and the π 2 -enhanced terms using the momentum-space formalism developed in [26] [27] [28] . Our result is based on the factorization of the cross section near threshold into a hard and a soft function. The resummation is achieved by solving the RG equations for the different parts. In contrast to the standard treatment in Mellin space, this approach yields simple analytic results for the resummed hard-scattering kernels in momentum space and is free of Landau-pole ambiguities. With a phenomenological analysis we investigate to what extent the partonic threshold is enhanced due to the fall-off of the parton distribution functions (PDFs). We find that at LHC energies and for the relevant values of the Higgs-boson mass the scale of the soft emission is not much lower than m H , so that no numerically large logarithms arise from soft emissions. The main numerical effect of RG improvement is thus due to the resummation of the (C A πα s ) n terms in the virtual corrections. In our RG framework, this resummation is accomplished by evaluating the hard matching corrections at a scale µ We begin our analysis with a brief review of the fixed-order results for the total cross section and study to which extent the cross section is dominated by the leading singular terms near the partonic threshold. We then discuss the factorization properties of the hard-scattering kernels in the threshold region and derive the formulas for the RG resummation of large perturbative corrections in momentum space. After determining the default values of the matching scales, we present a detailed phenomenological analysis and make predictions for the Higgs-boson production cross sections at the Tevatron and the LHC. Compared with previous studies, we find significantly faster convergence and improved stability of the perturbative expansion. We finally comment on applications of RG-improved perturbation theory to other time-like processes, such as Drell-Yan production, the e − e − → hadrons cross section, and the total hadronic Higgs-boson decay rate. In particular, we explain why the latter two processes do not contain π 2 -enhanced corrections of the type present in Drell-Yan or Higgs-boson production.
Fixed-order results
We consider the production of a Higgs boson in hadron-hadron collisions at center-of-mass energy √ s. The total cross section can be written as
are the effective parton luminosities, and C ij are hard-scattering kernels, which are known to NNLO in perturbation theory [4] [5] [6] . The quantity
A(x q ) = 3x q 2 1
with x q ≡ 4m 
denotes the Born-level cross section in units of the gluon-gluon luminosity f f gg (τ, µ f ). The function A(x q ) results from a quark loop connecting two gluons with the Higgs boson. It approaches 1 for x q → ∞ and vanishes proportional to x q for x q → 0. It follows that Higgsboson production is predominantly mediated by a top-quark loop, while the contributions from lighter fermions are strongly suppressed. We include radiative corrections in the heavy topquark limit, i.e., we will only keep logarithmic top-mass dependence in the hard-scattering kernels C ij (z, m t , m H , µ f ). For not too heavy Higgs-boson masses the terms suppressed by powers of the top-quark mass are numerically very small. Leaving them out greatly simplifies the calculation, since one can then use an effective Lagrangian obtained after integrating out the top quark.
Because they are suppressed by x q , the only numerically relevant correction due to lighter fermions is the bottom-quark loop contribution. Its main effect is due to its interference with the top-quark loop, which is well approximated by writing
While using the pole mass is appropriate for the top quark, the virtual b-quarks in Higgs-boson production are far off their mass shell, and one should thus use the MS quark mass at the Higgs mass scale when evaluating the bottom-quark contribution. At m H = 120 GeV we take m b ≈ 2.8 GeV, and the presence of the bottom-quark loop term in (3) reduces the cross section by 6.5%. For comparison, the above approximate treatment would yield ǫ b = 7.0%. Since the b-quark contribution scales like 1/m 2 H , it becomes smaller for higher Higgs-boson masses. To validate these approximations numerically we have used the computer code [29] , which includes the exact quark-mass dependence at NLO [10, 11] . For the range 120 GeV < m H < 300 GeV we find that the full NLO fixed-order result is about 1% lower than what is obtained with the above Born-level treatment of finite top-mass effects. The difference is negligible compared to other uncertainties. Also, using the same code we find that the inclusion of the b-quark loop decreases the NLO cross section by about 6% at m H = 120 GeV and about 2% at m H = 300 GeV, in good agreement with the approximate lowest-order treatment described above.
The variable z = m 2 H /ŝ in (1) measures the ratio of the Higgs-boson mass to the partonparton center-of-mass energy √ŝ . The limit z → 1 is referred to as the "partonic threshold region". This is the region near Born kinematics, in which the colliding partons have just enough energy to produce the Higgs boson. It is an empirical fact that in many cases this region gives the dominant contributions to the cross section. In Section 3 we will resum these contributions to all orders in perturbation theory.
The sum in (1) extends over all possible combinations of initial partons, but only C gg contributes at the Born level and contains the leading singular terms in the limit z → 1. We split off these terms by writing
where the second piece does not contain singular distributions for z → 1. The explicit expres- of the NLO (NNLO) correction to the cross section are due to parton production channels different from gg → H.
In [28] we have investigated for the case of Drell-Yan production the question to what extent the dominance of the leading singular terms can be justified based on the strong fall-off of the parton luminosities. In the present case, setting µ f = 120 GeV for example, we find that f f gg (y, µ f ) ∝ y −a with a ≈ 2.5 for y < 0.05, and f f gg (y, µ f ) ∝ (1 − y) b with b ≈ 14.5 for y > 0.3. Due to this strong fall-off, the integral in (1) is dominated by z values near τ . For τ values exceeding 0.3, the partonic threshold contributions would be enhanced by logarithms of b ≈ 14.5. However, even at the Tevatron the center-of-mass energy is so high that τ 0.02 for Higgs-boson masses below 300 GeV. In this region the cross section (1) is well approximated by the simple formula [28] 
with a − 1 ≈ 1.5. Since the weight function z a−1 is not strongly peaked near z = 1, the threshold dominance cannot be explained parametrically in this case. Indeed, we will see later that threshold resummation alone has a very minor effect on the predictions for the cross section. As a side remark, we note that (10) implies the scaling σ ∝ m
H . Let us now discuss in more detail the different momentum regions that contribute to the Higgs-boson production cross section. For a not too heavy Higgs boson, the gluon-gluon fusion process gg → H is well approximated by the effective local interaction [31] [32] [33] [34] [35] 
where v ≈ 246 GeV is the Higgs vacuum expectation value, and µ denotes the scale at which the local two-gluon operator is renormalized. The short-distance coefficient C t is known up to NNNLO [36, 37] . To NNLO, the result reads [38, 39] 
The production cross section is related to the discontinuity of the product of two such effective vertices. As explained earlier, it is a good approximation to keep the exact dependence on the top-quark mass in the Born-level cross section σ 0 in (1), but to employ the effective local interaction (11) for the analysis of higher-order perturbative corrections.
Once the top quark has been integrated out, the hard-scattering kernels receive contributions associated with two different scales: a "hard" scale µ 
⊥ ) max is determined by the maximum available transverse momentum. The presence of these two scales is apparent from the structure of the logarithms in the fixed-order terms in (7) and (9), but it can also be derived more rigorously using the method of regions [40] . The short-distance coefficient C in (7) can be factorized as
and in this way the scale separation becomes explicit. The derivation of this factorization theorem using effective field theory proceeds in analogy with the discussion for the Drell-Yan case presented in [28] and will not be repeated here in detail. The formula results from a sequence of matching steps illustrated in Figure 2 . The Standard Model with six quark flavors is first matched onto a five-flavor theory by integrating out the heavy top quark. The Wilson coefficient arising in this step is C t . In the next step, the five-flavor Standard Model is matched onto soft-collinear effective theory (SCET) [41] [42] [43] [44] containing soft degrees of freedom along with two types of hard-collinear fields aligned with the directions of the particle beams. The corresponding Wilson coefficient is H. In the third step, this theory is matched onto another version of SCET, in which the soft modes are integrated out and the hard-collinear modes are replaced by collinear fields of lower virtuality. The soft function S is the matching coefficient arising in this step. The remaining low-energy matrix element is then identified with the parton luminosity function f f gg defined in (2) . The calculation of the components C t , H, and S at any order in perturbation theory is much simpler than the calculation of the Higgs-boson production cross section at the same order. The factorization formula (13) thus provides an approximation to the cross section that requires a minimal amount of calculational work. The all-order resummation of the partonic threshold logarithms ("soft-gluon resummation") and of other, "π 2 -enhanced" terms [18] is then achieved by solving RG equations. SCET provides field-theoretic definitions of the factors H and S in the factorization formula. The hard function H is the square of the on-shell gluon form factor evaluated at time-like Figure 2 : Sequence of matching steps and associated effective theories leading to the factorization theorem (13) . momentum transfer q 2 = m 2 H , and with infrared divergences subtracted using the MS scheme [17, 26, 28] :
On a technical level, the function C S appears as a Wilson coefficient in the matching of the two-gluon operator in (11) onto an operator in SCET, in which all hard modes have been integrated out. This matching takes the form
where Q 2 = −q 2 is (minus) the square of the total momentum carried by the operator. The fields A µ,a n⊥ and A ν,ā n⊥ are effective, gauge-invariant gluon fields in SCET [45] . They describe gluons propagating along the two light-like directions n,n defined by the colliding hadrons. The two-loop expression for the Wilson coefficient C S can be extracted from the results of [46] . We write its perturbative series in the form
where
The one-and two-loop coefficients read
The soft function S in (13) is defined in terms of the Fourier transform of a vacuum expectation value of a Wilson loop in the adjoint representation of SU(N c ). In SCET is arises after the decoupling of soft gluons from the hard-collinear and anti-hard-collinear fields describing the partons originating from the colliding beam particles [28] . The soft function in the case of Higgs-boson production is closely related to an analogous function entering the Drell-Yan cross section [17, 28] . At two-loop order (but not beyond) the two quantities coincide after a simple replacement of color factors. In the notation of the second reference, we have
The explicit form of the result can be derived using formulas compiled in Appendix B of [28] . When one inserts the two-loop expressions for the various component functions into (13) and expands the product to O(α 2 s ), one recovers the expression given in (7) . In the following section we will discuss how improved perturbative expressions for the component functions can be obtained by solving RG evolution equations with appropriate boundary conditions. In this way one avoids perturbative logarithms arising when the factorization scale µ f is chosen different from the characteristic scales m t , m H , or √ŝ (1 − z). Even though these logarithms are not particularly large, their resummation has the effect of improving the stability of the prediction with respect to scale variations. More importantly, however, we will also be able to resum the π 2 -enhanced terms in the perturbative expansion related to the time-like kinematics of the Higgs-boson production process. They have been shown to be responsible for the bulk of the large K-factors arising in calculations of the Higgs-production cross sections at the Tevatron and the LHC [18] .
3 Renormalization-group analysis and resummation Our formalism for the resummation of large perturbative corrections in Higgs-boson production is based on effective field theory and follows closely our previous analyses of DIS at large x [26, 27] and Drell-Yan production [28] . The two key steps of the approach are deriving a factorization formula such as (13) valid near the partonic threshold z → 1, and then using the RG directly in momentum space to resum logarithms arising from ratios of the different scales. We stress that the final, RG-improved formula for the cross section follows unambiguously by applying the rules of effective field theory at each step of the derivation.
The Wilson coefficient C t appearing when the top quark is integrated out satisfies the RG equation
The fact that the anomalous dimension is related to the QCD β-function [34, 47] is not surprising, since the two-gluon operator in (11) is proportional to the Yang-Mills Lagrangian. The evolution equation can be integrated in closed form and leads to
where µ t ∼ m t is the matching scale at which the top quark is integrated out.
The Wilson coefficient C S arising when hard, virtual quantum corrections to the effective two-gluon vertex (11) are integrated out obeys an evolution equation reflecting the renormalization properties of the effective two-gluon SCET operator on the right-hand side of the matching relation (15) . It reads [26] 
where Γ A cusp is the cusp anomalous dimension of Wilson lines with light-like segments in the adjoint representation of SU(N c ). It controls the leading Sudakov double logarithms contained in C S and is known to three-loop order [48] . The single-logarithmic evolution is controlled by the anomalous dimension γ S , which can be extracted from the infrared divergences of the on-shell gluon form factor [26] . Using results from [49] it can be derived to three-loop order. We collect the relevant expressions for the expansion coefficients of the anomalous dimensions in Appendix A. The general solution to (21) is [51] (22) where µ h is the hard matching scale. We have introduced the definitions
and similarly for the function a γ S . The perturbative expansions of these functions obtained at NNLO in RG-improved perturbation theory can be found in the Appendix of [27] .
H of the hard matching scale gives rise to large π 2 terms in the matching condition (16) , which arise since
and render the perturbative expansion of the hard function H in (14) unstable. We have shown in [18] that these π 2 -enhanced terms are to a large extent responsible for the poor perturbative behavior of fixed-order predictions for the Higgs-boson production cross sections at hadron colliders. We can exploit the fact that the solution (22) is formally independent of the hard matching scale to avoid the large π 2 terms in the matching condition by a proper choice of the matching scale. To this end we set µ
The π 2 -enhanced terms are then resummed to all orders in perturbation theory and appear in the functions S and a Γ in the exponent in (22) . With this choice, relation (22) involves the running coupling α s (µ 2 ) evaluated at negative argument. The definition β(α s ) = dα s /d ln µ of the QCD β-function implies that
where here and below α s (−µ 2 ) is to be understood with a −iǫ prescription. This relation allows us to define the running coupling at time-like argument in terms of that at space-like momentum transfer. At NLO we obtain
where we count a(µ 2 ) ≡ β 0 α s (µ 2 )/4 as an O (1) parameter. It is important that (24) is independent of the path. For example, the evolution of the coupling can be performed on a circle with fixed radius in the complex momentum plane, thereby avoiding the region near the origin, where perturbation theory breaks down. Note that the perturbation-theory coupling α s (µ 2 ) is analytic in the complex µ 2 -plane with a cut along the negative real axis. It has an unphysical Landau pole at
, which is of no concern to our discussion since we are interested in very large |µ 2 | values. In practice, we obtain α s (µ (18) obeys an integro-differential evolution equation, which is analogous to that for the soft function in Drell-Yan production discussed in [28] . The general solution to this equation can be obtained using a Laplace transformation [26] . It can be written with the help of an associated function s Higgs , which is given by the Laplace transform of the soft Wilson loop at a matching scale µ s . The solution is then obtained from
where ∂ η denotes a derivative with respect to an auxiliary parameter η, which is then set to
As written above, the solution is valid as long as η > 0. From the RG invariance of the Higgs-boson production cross section one can derive a relation between the anomalous dimension γ W entering in the above solution and the anomalous dimensions of the remaining components in the factorization formula for the cross section [28] . It reads
where 2γ B is coefficient of the δ(1 − x) term in the Altarelli-Parisi splitting function P g←g (x). The three-loop expression for this quantity was obtained in [48] , and we collect the corresponding expansion coefficients in Appendix A. At two-loop order, relation (18) implies that the associated soft function s Higgs is obtained from that in the Drell-Yan case by the replacement
with
The result (28) agrees with a corresponding expressions derived in [17] . Putting everything together, we arrive at our final formula for the RG-improved expression for the hard-scattering coefficient in (7) . It can be written in the form
Apart from the factor containing the β-function, which is related to the evolution of the two-gluon operator in (11) , and the ratio of running couplings, which compensates the scale dependence of the Born-level cross section σ 0 in (1), this result is of the same form as the corresponding expression arising in Drell-Yan production and given in equations (50) and (51) of [28] . Some comments on the effect of the resummation of π 2 -enhanced terms in the Drell-Yan case will be made in Section 6.1.
It is instructive to consider the special limit in which all matching scales are set equal to a common scale µ f ∼ m H , while µ 2 h = −µ 2 f − iǫ is still chosen in the time-like region. We then obtain [18] 
where a ≡ a(m 2 H ). Note that the result is µ f -independent at this order. The expression for the evolution function simplifies considerably if we treat a(m 2 H ) ≈ 0.2 as a parameter of order α s . Using the fact that γ S 0 = 0, we then find
This result makes explicit that the π 2 -enhanced corrections are terms of the form (C A πα s ) n in perturbation theory and exponentiate at leading order. Numerically, setting µ f = m H = 120 GeV we obtain ln U = {0.558, 0.560, 0.561} at LO, NLO, and NNLO from the exact expression for the evolution function derived from (31) , indicating that the leading-order terms give by far the dominant effect after RG improvement. The analytical expressions (32) and (33) provide accurate approximations to the exact results. The first equation gives ln U = 0.557, while the second one yields ln U = 0.565. The close agreement of these two numbers shows that the running of the coupling between µ 2 f and −µ 2 f is a minor effect compared with the evolution driven by the anomalous dimension of the effective two-gluon operator in (15) .
The RG-improved prediction for the leading singular contributions to the Higgs-boson production cross section is obtained by integrating the above expression for the resummed kernel C with the gluon-gluon luminosity function f f gg , see (1) . In order to also account for the remaining contributions to the cross section, we add to this result the fixed-order contributions arising from the non-singular terms in the hard-scattering kernels, which at NLO have been compiled in (9) . In the momentum-space approach the subtractions required to avoid double counting of the resummed terms are straightforwardly implemented as [27, 28] 
We have used this prescription to calculate the fixed-order expressions for the two terms on the right-hand side of (6) . Note that only after this matching step the cross section is formally independent of the factorization scale µ f . Traditionally, threshold resummation is performed in moment space rather than momentum space. For the case at hand, one considers moments of the cross section in τ = m 2 H /s at fixed m H :
After this Mellin transformation, the convolution integrals in (1) and (2) reduce to products of moments. For the gluon contribution to the cross section, one has
Having the analytical result (26) for the RG equation of the soft function at hand allows us to work directly in momentum space. However, to compare to the results obtained using traditional methods, it is instructive to transform our result (30) for the hard-scattering coefficient to moment space. This was discussed in detail in [27] for DIS and [28] for Drell-Yan production. The discussion for Higgs production is completely analogous to the Drell-Yan case, but for the numerical discussion below, it will be useful to have explicit formulae also for the present case. To obtain the moment-space result we note that [50]
withN = e γ E N. Solving the associated RG equation and combining it with the hard function we obtain
The result has exactly the same structure as (30) . Evaluating the derivatives with respect to η produces logarithms ln 
The main difference to (30) is an overall factor of √ z, which amounts to a first-order power correction in the threshold region z → 1. The numerical impact of this factor will be discussed below.
The result (38) can be compared to the expressions used in the traditional formulation of resummation. For DIS and Drell-Yan production, it has been shown in [27, 28] that the two methods give identical results for the threshold-enhanced terms when expanded to any fixed order in α s . In these papers, an exact relation between the radiation functions appearing in the traditional framework and the anomalous dimensions and Wilson coefficients in the effective theory was derived. For the Higgs case, the corresponding relation reads
where α s ≡ α s (µ), and
Using this result, we reproduce the perturbative expression for the radiation function D(α s ) given in [13, 14] up to third order in α s .
Choice of the matching and factorization scales
The RG-improved cross section in (34) is formally independent of each of the three matching scales µ t , µ h , and µ s , as well as of the factorization scale µ f at which the parton densities are evaluated. However, in practice a residual scale dependence remains due to the truncation of perturbation theory. It is a standard procedure to take this residual dependence on the scales as an estimate of yet unknown higher-order effects. In our analysis we will independently vary the various matching scales about their default values, whose determination we will now discuss. In the spirit of effective field theory, the matching scales should be chosen such that the matching conditions (i.e., the Wilson coefficients evaluated at the matching scales) in (30) have well-behaved perturbative expansions. All large corrections are then resummed into the evolution function U.
The characteristic scale of the top-quark loop integrated out in the construction of the effective local interaction (11) is the top-quark mass, and we thus take µ t = m t as our default choice for the first matching scale. With this choice, the perturbation series for the matching coefficient C t is well behaved. Setting n f = 5 for the number of light quark flavors, we find As mentioned earlier, the most naive choice for the hard matching scale, µ h = m H , does not lead to a well-behaved expansion for the hard matching coefficient. We find
The origin of the large expansion coefficients can be traced back to the fact that the Sudakov (double) logarithms contained in the coefficients c n (L) in (16) give rise to π 2 terms when we analytically continue L → ln(m 2 H /µ 2 h ) − iπ. The same happens for the coefficient C V in Drell-Yan production [19, 20] and for other time-like processes [21] . A vastly better behavior is obtained when the matching scale is chosen in the time-like region [18] . This gives (all arguments are defined with a −iǫ prescription) (42) and (43) is not due to the evolution of the running coupling between space-like and time-like values of its argument, but rather due to the evolution of the effective two-gluon operator (15) driven by its anomalous dimension. In our phenomenological analysis we will thus use µ Let us now discuss the choice of the soft matching scale µ s , which is non-trivial since the soft function S in (18) depends on the convolution variable z. For the determination of the soft scale we follow the method proposed in [28] , i.e., we choose the value of µ s so that the perturbative expansion of the soft function exhibits a good convergence after the integration over z has been performed. The result thus depends on the process (in particular, on the value of the Higgs-boson mass) and on the shape of the gluon distribution function. The left panel in Figure 3 shows the relative contributions to the cross section (normalized to
H /s between 0.00005 and 0.03, which is the relevant region for our study. The two scale-setting criteria proposed in [28] are:
I. Starting from a high scale, determine the value of µ s at which the one-loop correction drops below 15%.
II. Choose the value of µ s for which the one-loop correction is minimized.
With either choice the two-loop corrections at the corresponding µ s values are very small, indicating a good convergence of the perturbative series. The same analysis is repeated for different values of the Higgs-boson mass. The resulting values for the soft scale µ s are shown in the right panel in Figure 3 for m H = 120, 160, 200, and 240 GeV. Note that the ratio µ s /m H is to a good approximation independent of m H . An analogous scaling behavior was also observed in the Drell-Yan case [28] . Below we will vary the soft scale between the two choices labeled by µ I s and µ II s in the figure, taking the average of the two prescriptions as our default value. In practice the values of τ relevant to Higgs-boson production at the Tevatron or LHC are so small that the ratio µ s /m H can be considered an O(1) parameter. This confirms our earlier argument stating that there is no parametric reason to perform soft-gluon (or threshold) resummation in this case.
Following common practice, we take µ f = m H as our default value for the factorization scale. From the perspective of effective field theory it would be more natural to choose µ f at or below the soft matching scale µ s , because the parton densities describe the low-energy hadronic matrix elements after the hard and soft modes have been integrated out.
In our phenomenological analysis we vary the different scales independently about their default values and add up the corresponding variations of the cross section in quadrature. Specifically, we take m t /2 < µ t < 2m t , (m H /2)
for the matching scales, and m H /2 < µ f < 2m H for the factorization scale. The effect of varying µ t is so weak that we do not depict it in a plot. The µ h and µ s dependences of the cross sections obtained at different orders in RG-improved perturbation theory are shown in the upper panels of Figure 4 . In both cases the scale dependence strongly decreases in higher orders and is essentially negligible already at NLO. In the lower panels of Figure 4 , we compare the µ f dependence of the combined cross section to that of the fixed-order cross section. Note that the µ f dependence of the fixed-order cross section is not significantly improved when going from LO to NLO, and that a sizable µ f dependence remains even at NNLO. On the other hand, the µ f dependence after resummation is already small at LO, while the NLO and NNLO resummed cross sections only depend very weakly on the factorization scale. 
Predictions for the cross section
We now present numerical results for the Higgs-boson production cross sections at the Tevatron and the LHC. To estimate the theoretical uncertainties we combine the various scale dependences as described in the previous section. The effect of the uncertainties in the PDFs is estimated by scanning over the 30 different sets provided by [30] . The uncertainty in the value of the running coupling α s (m 2 Z ) = 0.1171 ± 0.0036 introduces an additional error in the cross-section predictions of about ±6%. We compare our RG-improved results for the cross sections with those obtained in fixed-order perturbation theory. In the latter case we vary the factorization and renormalization scales together in the range m H /2 < µ f < 2m H .
In Figure 5 we show the scale dependence of our predictions for the cross sections at different orders in perturbation theory. Note that we use the same PDFs (MSTW2008NNLO) in all cases, i.e., we do not switch to LO or NLO distribution functions in the lower-order results. This makes it easier to judge the actual size of the perturbative corrections to the hard-scattering kernels. The results obtained after RG improvement show significantly faster convergence and reduced scale dependence in higher orders. The NNLO resummed predictions have a perturbative uncertainty of less than 3% for both the Tevatron and the LHC, while the scale dependence of the NNLO fixed-order results is approximately ±15% for the Tevatron and ±10% for the LHC. Numerical values for the cross section at NNLO are shown in Table 1 . The first error accounts for scale variations, while the second one reflects the uncertainty in the PDFs. The additional uncertainty of ±6% due to the value of α s (m 2 Z ) is not shown explicitly. We emphasize that the effect of RG improvement is significant even at NNLO, where the resummed cross sections at the Tevatron and the LHC exceed the fixed-order predictions by about 13% and 8%, respectively (for m H = 120 GeV). These differences are as important numerically as the differences between the NLO and NNLO resummed results.
In Figure 6 , we show for comparison the results obtained when the PDFs are switched according to the order of the calculation. When this is done, the higher-order bands obtained after RG improvement are fully contained in the lower-order ones and the K-factor is close to 1, in particular for the LHC.
1 In fixed-order calculations it is customary to use PDFs extracted from a fit using predictions of the same order. Doing so absorbs universal higher-order corrections into the PDFs. Since resummed calculations contain contributions of arbitrarily high orders, the optimal PDF choice is less clear. If the same large higher-order corrections affect both the observable one tries to predict and the cross sections used to extract the PDFs, it would be quite problematic to perform a resummation in one case and not the other. For our case, the relevant input quantity is the gluon PDF at low x, which is mostly determined by measurements of scaling violations in the DIS structure function, ∂F 2 (x, Q 2 )/∂Q 2 . The higher-order corrections associated with the analytic continuation of the time-like gluon form factor, which we resum, do not affect the DIS cross section, and so are not universal and cannot simply be absorbed into the PDFs. However, such corrections will be present for the Drell-Yan cross section, but smaller by a factor C F /C A = 4/9. In Section 6.1, we discuss their resummation for this process. Similar effects also appear in jet production processes, and it would be interesting to extend our method also to this case. Since jet production involves an interplay of time-like and space-like dynamics, the identification of the enhanced contributions will be more involved in this case. While our numerical values include an uncertainty due to PDFs, it is important to note that these uncertainties are estimated within the theoretical framework adopted when performing the PDF extraction. There are examples where newer PDF determinations have led to shifts which are larger than the quoted uncertainties. In particular, with the new MSTW2008NNLO PDFs the Higgs production cross section at the Tevatron is reduced by 10-15% compared to MRST2006NNLO [53] , the previous-generation PDF set by the same collaboration. Also, the MRST2006NNLO PDFs had lead to an increase of the production cross section at the LHC by 10% compared to the result obtained using MRST2004NNLO [52] . For comparison, we provide in Table 2 results obtained using CTEQ6.6 PDFs [54] . They are in good agreement with the results given in Table 1 . Note, however, that the CTEQ6.6 PDFs are obtained from a fit to data using NLO cross sections only. Note also that the MSTW2008NNLO gluon PDF differs significantly from the one obtained by Alekhin et al. [55, 56] .
In our predictions we resum logarithmic terms near the partonic threshold as well as the π 2 -enhanced terms contained in the hard matching coefficient H in (13) . It is simple to disentangle the two effects: choosing µ in standard soft-gluon resummation, albeit performed in momentum space instead of Mellin moment space. As seen in Table 3 , the main effect of RG improvement is the resummation of the π 2 -enhanced terms contained in the hard matching coefficient H in (13) . The predictions for the resummed cross section obtained without resummation of the π 2 -enhanced terms are quite close to the fixed-order results. This shows once again that soft-gluon resummation is not an important effect in the case of Higgs-boson production at Tevatron or LHC energies. It confirms our theoretical argument given in conjunction with relation (10) and is also in line with our finding that the optimal value of the soft scale µ s is not much lower than hard scale set by the Higgs mass.
Compared to the numerical results obtained in [12] using the traditional moment-space formalism, we find smaller threshold resummation effects. Part of the difference is simply due to the fact that we use the values obtained with our default scale choices as our default values. As a consequence our uncertainty bands are quite asymmetric. In contrast, [12] uses the central values of the bands as the default values. However, even after taking this trivial difference into account, we observe that the resummation effects found in [12] are larger than those we find. While compatible within the assigned uncertainties, we find that the resummation effects obtained using the moment formalism of [12] are about twice as large as those we find in momentum space. Specifically, evaluating the NNLL moment-space result of [12] with MSTW2008NNLO PDFs, and matching to the NNLO fixed-order result, we obtain σ = 50.4 pb at the LHC for m H = 120 GeV, compared to our result σ = 48.5 pb and the fixed-order value of 47.6 pb.
There are three differences between our calculation and what was done in [12] : (i) we go one order higher in logarithmic accuracy, (ii) instead of the scale choice µ s ∼ m H /N inherent in the moment-space formalism we set the scale as discussed in Section 4, and (iii) while the two formalisms are equivalent in the threshold region, the power-suppressed terms differ between the two formulations. Neither the additional higher-log contributions nor the scale-setting prescription can account for the difference. To compare the two scale-setting prescriptions, we have evaluated the effective-theory moment-space result (38) both with µ s ∼ m H /N and with our choice of the soft scale and find that the difference is small. Using our default choice for the soft scale, the effective-theory moment-space result is 50.1 pb, very close to what is obtained in the traditional framework. The difference thus arises from power corrections suppressed by (1 − z) or 1/N, respectively. If we use the same scale setting in the moment-space formula (38) and momentum-space expression (30) , then the difference between the two formulations amounts to an overall factor of √ z, see (39) . To check that this factor indeed accounts for the difference, we have multiplied our momentum space formula (30) by √ z. After adjusting the matching corrections, we find σ = 49.9pb instead of 48.5pb. 2 The factor √ z appears artificial, since it does not occur in the fixed-order expressions. On the other hand, with this factor included, the singular terms are larger and amount numerically to 96% of the full NNLO result (without this factor, they amount to 86%). As stressed above, the threshold dominance is observed numerically but not enforced parametrically. For this reason, equivalent definitions of the leading contribution can lead to somewhat different results. To conclude our discussion, let us briefly discuss the case of Higgs production with a jet veto, i.e. the cross section for the production of the Higgs boson and QCD radiation with p T ≡ | p T | < p veto T . Such a veto reduces the background to H → W + W − → l + l − νν from tt-production with subsequent t → bℓ +ν decay. It was observed that the K-factor for Higgs 2 Note that the enhancement is very counter-intuitive: the procedure amounts to multiplying the parton luminosity ff gg (τ /z) by √ z which is smaller than 1 over the entire integration range and nevertheless leads a larger result. The enhancement arises because the kernel is a distribution and its plus-distribution part is sensitive to the derivative of √ zff gg (τ /z).
production gets reduced when such a cut is imposed [8, 58, 59] . For example, at the LHC with p veto T = 30 GeV and m H = 165 GeV, reference [8] finds K NLO ≈ K NNLO ≈ 1.4, while the inclusive K-factors are K NLO ≈ 1.8 and K NNLO ≈ 2.2 (using MRST2004 PDFs). This implies that a significant portion of the perturbative corrections comes from the region p T > 30 GeV. Since the cut only excludes hard radiation, the threshold region should not be affected by it. At first sight, these large corrections from hard radiation seem difficult to reconcile with our finding that roughly 90% of the NLO and NNLO total cross sections arise from the partonic threshold terms.
More formally, for a given value of z we have
, which shows that the radiation from the threshold region z → 1 has small p T . The veto p T < p veto T therefore does not constrain the radiation above a certain value of z > z 0 . On the other hand, the converse is not true: small p T does not imply that the radiation is soft. To isolate the amount of soft radiation present for a given p T cut, we have imposed a cut z > z 0 in the integration over the leading singular terms. For p T = 30 GeV and M H = 165 GeV, we have z 0 = 0.7. We find that evaluating the threshold terms (7) with such a cut leaves them essentially unchanged. So we are forced to conclude that the cross section for p T < p veto T is smaller than the contribution from the threshold terms alone, which implies that hard radiation with small p T , which comprises radiation with a small angle with respect to the beam, gives a sizable negative correction to the cross section.
It is difficult to draw any conclusions from the above discussion, other than the trivial statement that also processes involving hard radiation can receive large higher-order corrections. To understand whether there is a physics reason for the observed reduction of the K-factors in the presence of a jet veto, it would be interesting to analyze Higgs production in association with a high-p T jet in the effective theory. This process is mediated by operators involving additional collinear fields for the partons inside the jet. The corresponding hard function will contain both space-like and time-like Sudakov double logarithms, which will need to be disentangled, before the enhanced contributions can be resummed and compared to the enhanced contributions affecting the total rate.
RG-improvement for other time-like processes
Having discussed Higgs-boson production in detail, we now briefly explore the effect of choosing a time-like renormalization point µ 2 < 0 for other processes. Our treatment applies immediately to Drell-Yan production, but the numerical effects are less dramatic than for Higgs-boson production, as we pointed out in [18] . In addition, it is interesting to compare these production processes to inclusive decays such as e + e − → hadrons, τ → ν τ + hadrons, or hadronic Higgs-boson decay. For inclusive decay rates Sudakov double logarithms and the associated π 2 -enhanced terms are absent, since they cancel between real and virtual corrections by virtue of the KLN theorem [57, 60] . As a consequence, the effects of choosing µ 2 < 0 are small unless the characteristic momentum scale is quite low. 
Drell-Yan process
Near the partonic threshold, the Drell-Yan cross section factors into a hard and a soft function, and threshold resummation proceeds in complete analogy to the Higgs case [28] . Instead of the scalar two-gluon operator (11), Drell-Yan production is mediated by the electromagnetic currentqγ µ q. The hard function is given by the renormalized on-shell vector form factor
). The same hard function also appears in deep-inelastic scattering, but evaluated at space-like momentum transfer. The analytic continuation of the form factor to the time-like region produces π 2 terms, which were resummed in [19] [20] [21] [22] . The Drell-Yan case can be treated in exactly the same way as Higgs-boson production. The quantity C V fulfills a RG equation of the same form as (21) for C S , however the relevant cusp anomalous dimension Γ 
The two-loop correction is reduced for µ 2 = −q 2 , however, at one-loop order the correction increases since there is a partial cancellation between the π 2 -enhanced terms and the constant piece for µ 2 h > 0. Numerical results for the resummed Drell-Yan cross section are given in Table 4 for the case of E866/NuSea [61] , i.e., proton-proton collisions at √ s = 38.76 GeV and q 2 = (8 GeV) 2 . The scales |µ h |, µ s , and µ f in the resummation formula for Drell-Yan production have been chosen as in [28] , and MRST2004 PDFs were used [52] . The numbers in the table include the matching to fixed-order perturbation theory at the corresponding order. At NNLO, the difference between ordinary threshold resummation with µ 2 h > 0 and the combined resummation with µ 2 h < 0 is about 4%, significant because of the large α s value at such low energies. Convergence is similar in both cases, with negative instead of positive corrections for µ 2 h < 0. The numbers obtained in the two cases do not agree within their respective scale uncertainties. They would be compatible if the hard scale would be varied up and down by a factor 2 as we do in the present paper. However, a smaller variation q 2 < µ h < 2 q 2 was used in [28] . In view of the disagreement, a variation by the conventional factor of 2 seems more appropriate.
The main goal of the E866/NuSea experiment was to provide a determination of the seaquark PDFs of the proton. The resummation of π 2 terms would affect this determination in the form of an overall normalization factor. The absolute normalization of the cross section is also interesting at higher energies, e.g. for using the Drell-Yan process to monitor the luminosity at the LHC. However, at NNLO the difference between the two scale-setting prescriptions scales as α 3 s and would thus be four times smaller at q 2 = m Z than at q 2 = 8 GeV, and completely negligible for higher-mass Drell-Yan pairs.
e
+ e − → hadrons and hadronic τ decays
The total e + e − → hadrons cross section satisfies the relation
where the sum extends over all quark flavors with 2m q < √ s, and the current-current vacuum correlator Π(Q 2 ) is related to the Adler D-function as
The quantity Π(−q 2 + iǫ) denotes its analytic continuation to the region of time-like momentum transfer. For simplicity, we neglect the masses of the light quarks and assume that s is far away from quark thresholds.
The Adler function in massless QCD is RG invariant, implying that its evolution equation dD(Q 2 )/d ln µ = 0 is trivially free of the cusp contributions associated with Sudakov logarithms and the large π 2 terms encountered in the case of Higgs-boson and Drell-Yan production. It follows that the perturbative expansion of the Adler function can be written as
where the expansion coefficients d n are pure numbers, independent of the renormalization scale. Explicitly we have (setting N c = 3) [62] [63] [64] 
In contrast to the case of Higgs-boson production, π 2 -enhanced perturbative corrections enter the Adler function and the e + e − → hadrons cross section only at O(α 3 s ) and higher. Reexpressing the QCD coupling in terms of α s (µ 2 ), integrating relation (46) , and analytically continuing to the time-like region, Q 2 → −s + iǫ, we obtain
This formula is routinely used in the calculation of the total cross section. Differences between the perturbative series in (47) and (49) arise starting at O(α The RG-improved expression for the imaginary part of the correlator is obtained by expanding the result for the current-current correlator Π(−s + iǫ) in powers of α s (−s + iǫ), i.e., using perturbation theory at time-like momentum transfer [23, 65] . Integrating relation (46), we have
where β 1 /β 0 = (102 − 38n f /3)/(11 − 2n f /3). Eliminating the time-like coupling in favor of the space-like one using (25), we obtain
where a s ≡ β 0 α s (s)/4. This formula was first derived in [23] . It is the RG-improved version of (49), which should be used whenever a s is an O(1) parameter. For example, with a s = 0.7 as appropriate for s = m 2 τ we find
which for n f = 4 yields a reduction of the two-loop coefficient by a factor of 0.45. For higher values of s corresponding to weak-scale processes, on the other hand, the modifications with respect to (49) are very small. Relation (51) shows that π 2 -enhanced corrections to the e + e − → hadrons cross sections arise first at O(α 3 for n f = 4, which is a rather large correction. For this reason, it was argued in [23] that for time-like processesᾱ s (s) ≡ (4/β 0 ) arctan(a s ) is a better expansion parameter than α s (s). As an alternative choice, the authors of [65] suggested to use |α s (−s)| ≈ α s (s)/ 1 + a 2 s for the expansion parameter. Note that both quantities have the property that they "freeze" in the infrared.
Our RG-improved result (51) coincides with the expression for the cross section obtained using contour-improved perturbation theory [24, 25] . The analytic properties of the Adler function imply the relation 4π ImΠ(−s + iǫ) = 1 2πi
Inserting here the expansion (47) and using the generalization
of relation (25) , where a ϕ = (ϕ/π) β 0 α s (µ 2 )/4, we readily recover (51) . The relevant contour integrals are evaluated in Appendix B. Weighted contour integrals over D functions can also be used to calculate the total hadronic decay rate of the τ lepton and, more generally, moments of the corresponding spectral functions accessible in τ decay [66, 67] . The equivalence of our approach with contour-improved perturbation theory extends to these cases as well.
Hadronic Higgs-boson decay
The total H → gg decay rate may be written as
where the correlator Π gg is defined as in [68] , and the leading-order K-factor is K LO = α 2 s (µ 2 ). We can use the RG-improved expression (20) for the matching coefficient C t (m 2 t , µ 2 ) to rewrite the K-factor in the form
where we have introduced the function
The K-factor is independent of the scales µ t and µ and factorizes into a product of two RG-invariant quantities depending on the scales m t and m H . Evaluating the first factor with µ t = m t , we obtain (setting N c = 3)
Using the fact that the decay rate is RG invariant, i.e., that dK/d ln µ = 0, the second factor may be written in analogy with (53) as
The perturbative series of the function D H (Q 2 ) takes the form
where the expansion coefficients d n are pure numbers, independent of the renormalization scale. At NLO we have [68] 
In fixed-order perturbation theory, the perturbative series for the function K H (m (60) into (59) and using the contour integrals from Appendix B. At NLO we find 
corresponding to a reduction of the LO and NLO terms by 4% and 8%, respectively. As a final comment, we emphasize again the different nature of the perturbative series for Higgs-boson production compared with that for Higgs-boson decay or the e + e − → hadrons cross section. In the former case, π 2 -enhanced perturbative corrections resulting from Sudakov double logarithms arise already at first order in perturbation theory and are due to the cusp anomalous dimension governing the RG evolution of the hard component of the hard-scattering kernel C. Terms proportional to n f , which reflect the evolution of the QCD coupling constant, enter first at two-loop order. The scale dependence of the α 2 s (µ 2 ) factor in the Born-level cross section is compensated by that of the gluon-gluon luminosity function. For the cases of Higgsboson decay or the e + e − → hadrons cross section, on the other hand, the perturbative series are free of π 2 -enhanced contributions up to NNLO, while n f -dependent corrections arise already at first non-trivial order in the expansion in α s . One may therefore argue that the resummation of terms of the form β n 0 α n+1 s is more important in these cases than the resummation of π 2 -enhanced contributions. In fact, the leading such effects can be absorbed by setting the renormalization scale in the running coupling according to the BLM prescription [69] . The leading O(β 0 α 2 s ) correction in the series for the e + e − → hadrons cross section is absorbed by using the scale µ BLM = e 2ζ 3 −11/4 √ s ≈ 0.708 √ s in the running coupling constant. In the case of Higgs-boson decay one should use µ BLM = e −7/4 m H ≈ 0.174 m H . The resummation of BLM terms to all orders and the associated renormalon ambiguities for the scalar correlator were analyzed in [70] , where also the resummation of the π 2 -enhanced terms was discussed.
Conclusions
We have presented a RG-improved prediction for the total Higgs-boson production cross section. Our result is based on a factorization theorem for the partonic cross section near threshold, which is obtained by considering a sequence of effective theories in which the contributions associated with higher scales are successively integrated out. In a first step the top-quark is removed and an effective Hgg interaction is derived. Subsequently, hard and soft modes are integrated out and absorbed into Wilson coefficients H and S defined in SCET. This separation of the physics associated with different scales enables us to evaluate the different contributions at their optimal scale, where they have a well-behaved perturbative expansion. After this is done, the different elements are evolved to a common scale by solving the RG equations obeyed by the Wilson coefficients. The hard function H is given by the square of the on-shell gluon form factor, and we observe that this function receives large perturbative corrections due to π 2 terms arising in the analytic continuation of this form factor to time-like momentum transfer. These large corrections can be avoided by evaluating the hard function in terms of an expansion in powers of the running coupling at time-like momentum transfer. While the choice µ 2 h = −m 2 H is unconventional, it is natural in the sense that it minimizes the logarithms in the hard function. The RG then sums up the logarithms that arise in the evolution between different scales. In our case, part of this evolution takes place in the complex µ 2 -plane and is driven by the cusp anomalous dimension, and the logarithms which are resummed are Sudakov double logarithms of −1. Our results for the resummed cross sections are stable under variation of the matching scales. Compared to the fixed-order expansion, the resummed perturbative series exhibits smaller theoretical uncertainties and better convergence. This improvement is mainly due to the resummation of the π 2 -enhanced terms, while soft-gluon resummation alone has a small impact. We find that the effects of RG improvement are significant even at NNLO. For example, for m H = 120 GeV the resummed NNLO cross sections at the Tevatron and the LHC exceed the fixed-order predictions by about 13% and 8%, respectively. We perform a detailed analytical and numerical comparison with the traditional moment-space approach to resummation. While formally equivalent, the two methods differ by terms that are power suppressed in the threshold region. We analyze the difference in detail and show that it explains the somewhat larger threshold resummation effects found using the traditional method.
We also discussed RG improvement for a number of other time-like processes, for which Sudakov logarithms are absent and our method reduces to contour-improved perturbation theory. The effects of choosing a time-like renormalization scale are modest for the cases of the total e + e − → hadrons cross section and for the hadronic decay rate of the Higgs boson. Because these inclusive processes do not contain double-logarithmic corrections, the π 2 -enhanced contributions arise solely from the running of α s and start at NNLO in fixedorder perturbation theory. These effects are significant for hadronic τ decays, because the characteristic scale is rather low. For Higgs-boson decay, on the other hand, we have argued that BLM-type corrections of O(β n 0 α n+1 s ) may be more important phenomenologically. It will be interesting to extend the methods developed here to other hard-scattering processes, such as jet production or heavy-quark production at hadron colliders. In general, processes containing collinear partons in both the initial and final states of the collision are characterized by an interplay of both time-like and space-like momentum transfers, so that the scale separation in the effective theory becomes more complicated. We hope to return to such issues in future work. 
B Contour integrals
Here we evaluate the contour integrals I n (a) = 1 2πi
where a ≡ βα s (s)/4. Using relation (54) for the running coupling in the complex momentum plane, we find at NLO I n (a) = F (η)
Explicitly, we obtain for the first three integrals 
